Study Guide

Block 2: Ordinary Differential Equations

Unil 5: Linear Equaticns with Constant Cocfficients

1. Overview

In the last unit, we gave an overview of how one obtains Lhe

general soluticn of a linear differential equation; and, in the

exercises, we indicated how the special case of constant coeffi-

cients facilitaled computational techniques.

In this unit, we in-

vestigate the problem of obtaining the general scolution of the

homogeneous (reduced)

L(y) has constant cocfficients.

2. Lecture 2.030

w
u +2a0

bu=0
N\ W x

J
9 +
s’

—

R . RS
= CV AZagsd by 3

»
¥ sarebs o —9

¢a <ot tdcs b

Some. Noles

(NG péal —
i)
et #Ce %ie
Cv.—, :C‘eﬂ'! :
c“’l""\)zcd e s 0
@) gz ——
‘.’“ ‘-QQ-,' +b$ <
5“;,’):,," *ng =
" U N z
Y ey Ay 2y T
) I ’
(ddag) #ox( o' fas)

oy
2 & <u,‘.-;.4|’lwu4’

o ")I‘42'2‘)‘+ ‘oo_\ =0 =

g;': R =0 *uf
—3

a2=Ce
' . -
AT '—_‘g-vﬂg’.ce

s,
lﬂr')&&

u)(t(m.ﬂ = €
Ly 44 L('D‘\'l

(Llufmﬁ:g >

3L (40) ke L 20 o=
L) “LaY)<g

e
-

linear equation L(y) = 0 in the case that

Lﬂ;\urnf‘._) S

'“-1 ~3v-]-_(; —

4

u
8 4 -4y 1409 =
o 1

, Ry
LL €
(s &1 2

C T emer L ampry =

g -y

e wﬂ\’ < C /:;Irr.ﬁ‘](

-l 4

;"
L ¥ emm) < 5




Study Guide
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3. Read Thomas, Sections 20.8 and 20.9. [In trying to understand
these sections, it is not important that you be able to understand
the use of differential operators (such as D, (D - 1)y, etc.) men-
tioned in the text. We have exXpanded the notion of differential
operators as an optional topic for the time being (Chapter 4 of
the Supplementary Notes) but which fits in very nicely with the
material on linearity in Block 3. The interested reader is free
to read Chapter 4 if he so wishes, but no kihowledge of diffecren-
tial operators is necessary in the remainder of this block.]

4. Do Exercises 2.5.1 threough 2.5.2 {or 2.5.3).

5. Read Supplementary Notes, Chapter 3, Section C.

6. Do the rest of the exercises.

7. Ixcrciscs:

2.5.1
Find the general solution of each of the following equations:

a. v" - 9y' - 36y = 0.

b, " - 12y' + 36y = 0.

Cc. Y" - 8V' + ZSV = 0.
2,5,2(L)

a. TFind the general salution of
L(Y) =90,
where L{y) = y" + 2y' - 3y by computing L(erx) and then ecuating
this to zero.

b. Assuming that

2.5.2

rx
sL{c™ ™) _ 3, rx
Sl L[ﬁ‘e ’] '

find the general solution of L(y) = y" - 1ld4y' + 49 = 0.
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2.5.3 (Optional)

[This exercise reinforces the note at the end of the solution of
Exercise 2.5.2. For the student who does not want to pursue this
point further, Exercise 2.5.3 may be omitted since it has no bear-

ing on the remaining exercises.]

P;(r) is a fifth-degree polynomial in r with real coefficients.

It is known that r, = 3, r, = 4 + 31, and ry = 5 = 2i are roots of
the polynomial cquation, Ps(r) = 0. Determine Ps{r] if we assume
that its leading coefficient is 1.

2.5.4

Find the general solution of

5 3
d—% - 2 d—% + gx = 0.
dx dx -
2.5'5

4 3 2
Find the curve c which satisfies dy _ 2 a7y + 2 1y . 0 such that
4 3 2
dx ax dx

c passes through (0,2) in such a way that at this point g% =0,

2 3
¥ -2, ana ¥ = 0.
dx dx

2.5.6(L)

Find the general solution of

Ym - 3Yll + 3yv -y = 0.

2.5.7 (Optional)

[The primary role of this exercise is to reinforce the note at the
end of Exercise 2.5.6(L)., Otherwise, it is not essential to our

general discussion.]

Find the lowest order linear differential ecuation with constant

coefficients, L(y) = 0, for which y = xezxcos 3% is a particular

solution.

2.5:3
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2.5.8

Find the general solution of

6 3
d_.%_zd—'-%'-+y=0
ax dx

2.5.9 (Optional)

[The role of this exercise is to establish the result that if L(y)

has constant coefficients,

sL(e™™) _ 2™ ] _ rx
—a - E[Tar ) T rxe.
The student who is willing to accept this result on faith alone

may omit this exercise.]

Compute

B (xerx)", and (xe

X rx)

(xe

where the differentiation is with respect to x and r is being
treated as a constant.

Use the result of (a) to conjecture that

dk(xerk) _

dxk

k=1 rx

(kxr + xrk)e

and verify by induction that this conjecture is correct.

rx
Use (b) to establish that éki%;—l = L(xe™™) in the special case
dk
that L(y) = <.
dx

2.5.4

P,



